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ABSTRACT: This is the second of a series of two papers where decoupling of unphysical
states in the minimal pure spinor formalism is investigated. The multi-loop amplitude
prescription for the minimal pure spinor superstring formulated in hep-th /0406055 involves
the insertion of picture changing operators in the path integral. In the first paper it was
shown that these operators are not BRST closed inside correlators. Therefore a new proof
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applies to arbitrary genus. It relies in part on a (previously unnoticed) invariance of the
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1 Introduction

A new superstring formalism, the pure spinor formalism, has been developed over the past
ten years [1-3], see [4, 5] for reviews. In this new formalism, the theory exhibits manifest
super Poincaré invariance, as in the Green-Schwarz (GS) formalism, but in contrast with
the GS string the worldsheet theory in flat target space is free, as in the Ramond-Neveu-
Schwarz (RNS) formalism, so the theory can be quantized straightforwardly.

There are two versions of this formalism, the minimal [2] and the non-minimal for-
malism [3]. In this paper we discuss exclusively the minimal case. A multi-loop scattering
amplitude prescription was developed in [2] and it involves introducing a number of picture
changing operators (PCO’s) that are inserted in the path integral. These operators are
BRST closed in a distributional sense and depend on constant spinors (C,) and constant
tensors (Bmy,). It was argued in [2] that amplitudes are independent of C' and B, because
the Lorentz variation of PCO’s is BRST exact. The same conclusion can be reached from
the results in [6], where the presence of the PCO’s in the path integral was derived via
BRST-BV quantization that takes into account the gauge invariances due to zero modes [7].
A manifestly Lorentz invariant prescription can be obtained by integrating over C and B [2]
and this is the form we will use here.

One may question whether the PCO’s Y are closed because their BRST variation only
vanishes in a distributional sense, QY ~ zd(z), where = is an appropriate field variable.
That would give zero only if integrated against a smooth function of z. It is shown in [8]
however that the amplitudes in the current minimal amplitude prescription do contain
singular terms that imply that QY is not zero inside correlators. This leads to explicit



dependence of the amplitudes on B and C' and problems with decoupling of BRST exact
states and with Lorentz invariance, when one does not integrate over B and C. The singular
behavior of the amplitudes is linked to the fact that the gauge fixing condition of the zero
mode gauge invariances implicit in the current formulation is singular and we anticipate
that a proper treatment of global issues will allow for a non-singular gauge fixing condition
and will lead to a prescription free of these problems. Work in this direction is in progress.
Here we will show that these problems are also absent when one integrates over B and C.

Note that QY # 0 by itself does not imply that ) exact states do not decouple. It
only implies that the standard argument for decoupling of unphysical states that involves
integrating @) by parts does not automatically lead to decoupling. In [8] it was shown
that at tree level one can nevertheless establish decoupling of BRST exact states using
integration of Q by parts. The core of that argument is the vanishing of the trace of a
certain Lorentz invariant tensor, (eI'), defined in (2.13). At one loop, we can identify a
Lorentz invariant tensor (eI'R), defined in (2.20), that is the one-loop analog of (¢T). That
is to say, all one-loop amplitudes with a () exact state are proportional to the trace of this
tensor. Had this trace vanished, this would imply that @ exact states decoupled at one
loop. It turns out however, as proven in [8], that the trace of this one-loop invariant tensor
does not vanish, so one needs a different argument to prove decoupling of unphysical states.

The main result of this paper is to provide such an argument. The new argument does
not use integration of @ by parts. Rather it makes use of a (so far unnoticed) invariance
of the path integral measure and the fact the zero mode integrals act as projectors on a
certain Lorentz scalar. Then one can show that the integrand that results from BRST
exact insertions does not contain this scalar, hence amplitudes that contain unphysical
states vanish after integration.

This paper is organized as follows. In the next section we present a short review of the
amplitude prescription in the minimal pure spinor formalism, mostly to set our notation.
In section 3 the main result is discussed, namely the proof of decoupling of unphysical
states in the minimal pure spinor formalism. Finally there is a short concluding section.

2 Minimal pure spinor amplitude prescription

In this section we review the amplitude prescription for the minimal pure spinor super-
string [2]. The N point tree-level amplitude is given by

A= (W(Zl)Vz(Zz)Vé(Zs)/dZ4U4(Z4)"'/dZNUN(ZN)YCI(yl)"'ch(yn» (2.1)
The vertex operators are given by

V = A" (,0), (2.2)
U = 00%Au(2,0) + T Ay (2, 0) + do W (z, 0) + %Nm"}"mn(x, 0). (2.3)

where Ay (x,0), Ay (z,0) is the superfield connection for N=1,d=10 SYM and W#, F,,,
are the corresponding field strengths. Y are the picture changing operators (PCO) needed



to absorb the zero modes of the weight zero fields:

Ye(y) = Cab®()8(CsN°(y)), (2.4)

where C,, is a constant spinor.
The N point one-loop amplitude involves one unintegrated vertex operator, V', N—1

integrated vertex operators, U, a composite b field and picture changing operators Yo, Zp
and 7,

11

~ 10
AN — /d27(|/d2u,u(u)b31(u, 21) H ZBP(ZP)ZJ(le)HYCI(y)|2
P=2 I

=1
N

vi(t) I /d2tTUT(tT)>. (2.5)

T=2
The Zp’s and Z; are PCO’s needed to absorb the zero modes of the weight one fields:

1
Z5(2) = 5 Ban A" (0B N™(2)), Z5(2) = X (2)da(2)0(I(2), (26)
where By, is a constant antisymmetric tensor. The composite b field satisfies

{Q,BB(U, 2)} =T(u)Zp(z). (2.7)

This equation ensures the () variation of the b ghost vanishes after integrating over moduli
space. The solution is given by [2]

b(u, 2) = bp(u) + T(u) / dvB,, NP (0)5(BN (1), (2.8)
The local b ghost, bg(u), is a composite operator, constructed out of the worldsheet fields:
bp(2) = bpo(2)d(BN (2))+bp1(2)d' (BN (2))+bpa(2)d" (BN (2))+bp3(2)8" (BN (2)), (2.9)

where the primes denote derivatives, BN = By, N""" and the explicit expressions of bp;
can be found in appendix A.
The amplitude prescription for g > 1 is given by

39—3
A(N) = /dQTl---d27'3g3<| H /d2uP,up(uP)be(uP,zP)
P=1

10g g 11 N
H ZBP (ZP) ZJR(UR) H YC; (y)]Q H /thTUT(tT». (2.10)
P=3g—-2 R=1 I=1 T=1

where we have grouped the insertions in a way that will be useful later.

The amplitude prescription just described was also obtained from first principles in [6]
by coupling the pure spinor sigma model to topological gravity. In particular, the PCO’s
arise in this context by gauge fixing gauge invariances due to zero modes. The constant
tensors C, and B,,, enter the theory through gauge fixing conditions. Thus, provided



there are no BRST anomalies and the gauge fixing is non-singular, the amplitudes should
be independent of C' and B. However, as shown in [8], the gauge fixing is singular and
amplitudes do depend on the choice of B and C. One can restore manisfest Lorentz
invariance by integrating over all possible choices for B and C. This integral is incorporated
in the computations below.

As described in [2], the amplitude (2.5) is evaluated by first using the OPE’s to remove
all fields of non-zero weight. After this step all fields have weight zero. This can be evalu-
ated by replacing the fields by their zero modes and performing the zero mode integrations.
So we need to know how to integrate over the zero modes. For the d, 6,z variables this is
standard, so we only discuss the integration over A\, N, B, C.

A typical integral one encounters is given by [2]:
g
A= /d)\ 1[dB][dC] H dNg]f(\,Ng, Jr,C, B) (2.11)

where the zero mode measure for [d)] is given by

[AAACNINY = dXY A A AN (eT)2PT (2.12)

with
(€1)277 oy = €y TOV12700, (2.13)
Tofrezers — yolenaq)Bloens y flena (ymnpyerses], (2.14)

The zero mode measure for (each zero mode of) [dN] is given by

a1, a8 mini mion1o Qg
[dN])\ A = dN AN+ AN /\dJlen1 10710 (2.15)
with
Q1--as — (a1 a3y asag arag)) ;
Rm1n1 mionio = Yminimamama Ymsnsnamems Ymangnaneme Ymionionansng T permutations.

(2.16)
The permutations make R antisymmetric under exchange in both m; < n; and m;n; <
mjn; and the double brackets denote subtraction of the gamma trace. The zero mode
integral (2.11) is only non-zero if the function f depends on (A, N, J,C, B) as

g 10 g
fONN,J,.C,B) =h(\ N, J,C,B) [T o"#s(0) [ [] 0"""3(B" N&) H axis(Cty),
R=1 P=1R=1
(2.17)
where the polynomial h assumes the form
g 10 11
(NS S+ (Kr+D) H(JR)MR(NR)Z}D‘;ILP,R [[B" o TIehHE . (218)
R=1 P=1 I=1



The integration over the zero modes of the pure spinor variables and the constant tensors
is defined in [2] as

0 _a Qapea o 0 0 0 0 9
A= e s i [R”fl"l'l“l’”m"m dxes  9xen §BL - OBW
9 o ( o 9\ 11_0[
T 11 —5—1>
8(]51 BCBH fe] IN OC o]
g L g M
0 0 PR o R
H <8BP 3Npq> H (@) h(\, Nr, Jr,C, B), (2.19)
R=1 pq R R=1

for some proportionality constant c.

In the sequel we will use the following notation

(GTR)gll:::gllllmlnl"'mlonlo = (ET)gf.l.gff“?)R%ll'ﬁ?‘_l__ln)gmnm’ (2'20)
(TR o = poe-fuol(encses grase) . (2.21)

3 Proof of decoupling of Q exact states

Decoupling of unphysical states in the minimal pure spinor formalism would follow, if
all insertions were @ closed. As discussed in [8], however, the Y’s are not BRST closed
inside correlators. More specifically the PCO’s for the A zero modes, denoted by Y¢, are
not closed:

QYe = Q(CO)5(CA) = (CA)F(CA). (3.1)

This vanishes in a distributional sense but it does not necessarily vanish if there are inser-
tions containing factors of % In the minimal pure spinor formalism the pure spinor zero
mode measure [dA] contains a factor ﬁ Therefore one cannot conclude QYo = 0. In
fact in [8] some amplitudes with @) exact states were computed in the formulation without
an integral over C'. These did not vanish, hence we can conclude Q(Yp1 - -+ You1) # 0. Nev-
ertheless, we were able to show decoupling of () exact states at tree level in the formulation
with an integral over C. In next subsection we review the tree-level argument in a form
that generalizes to the higher loops and show that @) exact states decouple to all orders.
A crucial role in this proof is played by symmetry of the insertions that follows from the
particular form of the picture raising operators, Zp. We will first present the proof for
one-loop amplitudes, followed by a proof of decoupling valid at any genus.

3.1 Tree-level amplitudes

After integrating out the non-zero modes every tree-level amplitude assumes the form
A= / [ [dC]d"OON NN fapy (0,0, k)07 - - 671 C -+ CRL 5(CTA) -+ 6(CMN),  (3.2)

where a denotes all polarizations and k£ denotes all momenta. Note that we have assumed
that integration over the non-zero modes does not affect the factor of Y1 --- Yo, This



can be justified either by writing Yo as a function of only zero modes or by inserting the
factor of (Yo)!! at 2 = oo on the worldsheet. The three factors of A originate from the
three unintegrated vertex operators and the factors of 0, C' and §(C\) from the eleven
picture changing operators Y. In order to evaluate (3.2) first note that only terms with
five 6’s can contribute:

A= / [dN\][dC]d 69N> NN £ ) S ygrg (@ K)OT - OT9C - O 5(CTA) -+ 5(CMN),
(3.3)
We will show now that the integration is a projection on the scalar in f o1 616(a, k). To
this end we write the tensor product (A)2(#)® in terms of its irreducible representations:

ACNINY9P2 ... pBie — Taﬁ’Yﬁlz---ﬁwTa,B,yﬂb.“616)\0/ N\ 9512 ... 9Bt 4 (3.4)
(TP AT, g 11 g A N N7 0% 9% 4

Z(]’i)aﬁ')/ﬁm“ﬂl(ﬂ?i (Ti)a’ﬁ’v/ﬁig---Bisri)‘al)‘ﬁl)‘yaﬁb 9P,
i>2

where x; are the indices representing the representation. To obtain the above expansion
one first needs to compute the tensor product Gam316 ® Asym®16. This contains one
scalar, hence there is only one invariant tensor with the indices and symmetries of 7' (an
explicit realization is specified in (2.14)). One also finds there is one 45 in the tensor
product, hence the second line. The sum in the last line runs over all the other irreps in
the tensor product, each one has an invariant tensor (7;) associated to it. Furthermore all

the (7;)’s satisfy

Ta57512'“516 (Ti)aﬁyﬁIQ“'ﬁl(ixi = 0 (35)

This can be proven by contracting both sides of (3.4) with Ty34,,...3,s- The integrations
in (3.3) can be evaluated by Lorentz invariance:

( / d1690ﬁ1---9ﬁ16> ( / [dA][dC])\a)\BX’C}gl---Cﬁud(Cl)\)---é(C”)\)> = (3.6)
P 516(6T)gf3vﬁu — TaBvbiz-Pis

After using (3.5) one sees all the non scalar terms in (3.4) are annihilated by the integra-
tion. It is therefore a projection on the scalar as claimed. The final expression for the

amplitude becomes

A= BBz ﬂmf

afBvB12---P16 (a’ k) (3'7)

3.1.1 Decoupling of () exact states at tree level

After integrating out the non-zero modes, the amplitude containing a @Q-exact

state becomes,
/ (AN B(QRUN, 8,0, k)07 - 091CL - Cp 5(CUN) - 6(CMN), (3.8)

for some 2, where all fields are zero modes. Our task now is to show that this integral

vanishes for any Q.



Since only the terms with five #’s and three \’s in Q) contribute, we focus on terms
in Q with two A’s and six 6’s. The upshot of the proof is that no Lorentz scalar can be
constructed from two \’s and six 6’s. Therefore there will be no scalar in Q()\)?(9)® and
since the integration projects on the scalar the amplitude vanishes. In order to make this
argument precise let us write:

Qo2 = AN -0 fo 5.5, (a, k) (3.9)

for some f. The next step is writing the tensor product (A\)2(#)® in terms of its irreducible
representations:

A n20) = fappr-ps(a: k) (Z(Ti)aﬁﬁlmﬁm(Ti)a/ﬁ/ﬁi"-Béyz')‘a/)‘ﬁ/aﬁi : '-96é> . (3.10)

1

In the above formula it is important to note that there are no scalars in the tensor product
of two pure spinors and six fermionic spinors. This is reflected by the fact that y; represents
(a positive number of) indices for every i. We now perform the @) transformation:

QQ’(AP(Q)G _ faﬁ,@l--ﬂs (a7 ]{7) <Z(Ti)a,@51-.ﬂ6y¢ (Ti)a/ﬁ/[‘/ﬁé---ﬁé]yi)\al)\ﬁl)\weﬁé - 056) .

i

(3.11)
After invoking (3.7) we find
/[dA]dlﬁe (QQ a2 (pys) 07071 Ch -+ Cy 5(CTA) -+ 5(CMN) = (3.12)
Fapsre-o(a: k) D (L) P (T ) gy, T P06 = 0
This vanishes because
T8 BB = g, (3.13)

which follows from the statement that there are no scalars in (A)2(6)%. This concludes the
proof that (3.8) vanishes.

3.2 Higher-loop amplitudes

In order to prove decouling of unphysical states at higher-loop amplitudes one can take
similar steps to the tree-level case. This means that one first reduces the amplitude to a
zero mode integral, which is effectively a projection onto a scalar and then one shows there
is no scalar when one started with a () exact state. In the higher-loop case we need an
additional ingredient for the second step which is a symmetry possessed by the integrand
of the functional integral.

Additional symmetry. The amplitude prescription contains products of PCO’s Zp and
Zj. The main observation is that

ZpZy = BunMyY™"d 6(Bpn N™)(Ad)0(J) (3.14)



is invariant under

OByn = ()\V[m)afﬁj- (3.15)

where f™ are constants. This transformation acts on the B,,, N™" and B,,,A\y"""d as,
OByn N™ = (Aym)a fri( MY w) = (A" fr) (Aw), (3.16)
0B (M) = (AMm)afr A™"d) = (A" fr)(AD). (3.17)

Since all these transformation contain either (Aw) or (Ad) and Z; contains both §(Aw)
and Ad:
§(ZpZy) = 0. (3.18)

Now recall that at genus g, 3g — 3 B’s (one at genus one) enter via the b ghost. We take
these B’s to be inert. The remaining 7g + 3 B’s (9 at genus one) are taken to transform
as in (3.15) . Note that at one loop, the factor of (Zp)°Z; is placed at a single point on
the worldsheet. At two-loop order, the additional factor of (Z5)"Z; is placed at a second
point on the worldsheet. And at each additional loop order, one places the new factor of
(ZB)"Zy at a g point on the worldsheet. With this choice, (3.15) is an invariance of the
theory for 7g + 3 B’s and the amplitudes must respect this symmetry.

One can understand the origin of this symmetry by going back to the first principles
derivation of the amplitude prescription in [6]. As shown there, PCO insertions arise from
gauge fixing the invariance due to pure spinor zero modes. In particular, this leads to the
insertion in the path integral of the expression

9

1

exp (Wa)\a + 70" + Z <—7T,{,m§d17m")\ +xl N _plgl xe 4 ﬁIJI>> ,  (3.19)
I=1

where 7o, 7o, 7™ 7 7l 71 are the BRST auxiliary fields, g is the genus and I counts

the g zero modes of worldsheet vectors. This expression is invariant under
1
S = M )afaf' o' = —g(Mnfi) (3.20)

6ﬁ{nn = ()‘rV[m)af;{]a’ ol = _(A'Ynfrlz) (3'21)

I' and 7l ~only 10 are

This symmetry implies that out of the 45 components of each =, o

independent, as it should be since the number of BRST auxiliary fields should be equal to
the number of gauge fixing conditions.

I and 7L

F. - are identified with N™ L and Sﬁm and

these automatically have the correct number of independent components because they are

In the non-minimal formalism, 7

constructed using the non-minimal pure spinor variables. On the other hand, to arrive at
the minimal formulation we set

al = pilBil 7l =Bl j=1,...,10 (3.22)

mn mn? mn

and integrate over p/!, 7. This leads to the Zp insertions. In this case, there is a remnant
of the symmetry (3.20), which is (3.15) for all B. This suggests that the amplitudes is also
invariant, if we transform the (3g — 3) (one when g = 1) factors of B involved in the b
insertions!, but we will not prove or use this here.

'Recall that (3g — 3) (one when g = 1) of the Zp factors are absorbed into the b-insertions.



3.2.1 One-loop amplitudes

After integrating out all non-zero modes, as well as the d, zero modes, every one-loop
amplitude can be written as

/ [d\][dN][dC[dB]d*o 1 ... yxanpl ... BlO mini-mionio (g g k)

miniy mionioY 111

0. 0%y - OFL 6(CMN) - 6(CHMN)S(BN) -+ §(BON)3(J), (3.23)

where all fields are zero modes and the integrand is invariant under the B transforma-
tion (3.15). As in the tree amplitude, we are assuming that integration over the non-zero
modes does not affect the (Yo)!! factor since this factor can be written in terms of only
zero modes. In this expression, eleven factors of A originate as follows: one from the unin-
tegrated vertex operator, one from Z; and nine from the nine factors of Zg. In general the
zero mode integral can contain additional factors of the Lorentz currents IV, higher powers
of B and higher derivatives of §(BN). These additional factors can be put into the form
of (3.23) by integrating by parts using that NP4B,,,06(BN) = —5%5%]5(BN).

One can show that the integral in (3.23) is also a projection on a scalar. To see this
first note that there is one scalar in Gam''16 @ Asym®16 ® Asym!'°45. This implies one
can write

AT ... \au pbi2 ... pbis gl ... B — (TR)al---auﬁlz--ﬂls ((TR)(A)11(9)5(B)10) +

mini mionio mini---mionio
D (S, (S0 0 (3)')"
7

(3.24)

where the notation ((TR)(A)'(6)°(B)™) means that all indices of (T'R) have been con-
tracted with those of A, 6 and B and (S;(A\)!(0)°(B)')" denotes an object that has z; as
its only free index and which transforms in some non-scalar representation. Similar to the
tree-level case the invariant tensors 5; satisfy

((RT)(S:))" = 0. (3.25)

Note that since B is not a covariant tensor this is not the decomposition of a Lorentz
invariant object into a lot of Lorentz invariant terms like (3.4). However this does not
matter, the point of performing this expansion is that all the non scalar terms vanish due
to the integration. The last point follows from (3.25) and

mini mionio

/ [dA)[dC[dB][AN]A* - AX*UB) - B C, -+ Oy, (3.26)

ai-arl
B1-+-Briming---mionio’

S(CTA) - 6(CHNS(B'N)---6(B°N)3(J) = (eTR)

which is also a consequence of the fact there is only one Lorentz scalar in Gam''16 ®
Asym®16 ® Asym'045.



Decoupling of @Q exact states. We will show that if
ACT ... )\allBl . _B10 mini---mionio (9 a k) (3.27)

mini mionioY 111

can be written as Q€2 where (2 is invariant under the B transformation then (3.23) vanishes.

Note © must contain ten \’s, six 6’s and ten B’s. There are two scalars in Gam'°16 ®
Asym®16 ® Asym!°45. Since Gam!!'16 ® Asym®16 @ Asym'%45 contains only a single
scalar and () maps scalars to scalars, there is a basis of invariant tensors such that one of
the scalars is annihilated by the BRST operator and the other one, call it €21, has non-zero
BRST variation, Q€ # 0. This scalar is?

Q= (T)*0)°) (R(B) (V) (6)") - (3.28)

Here (R(B)'(\)7(6)!) denotes the unique scalar obtained by contracting all indices of the
objects involved. The state Q€2; is a candidate BRST exact state that may not decouple.
The scalar £2; however is not invariant under the transformation (3.15) for 9 of the 10 B’s.

In fact, one can show that €; is invariant under the transformation (3.15) for only 6 of the
10 B’s. To see this, note that (R(B)'%(A)7(6)') can be expressed as

(™17 ) () (g ) (e ) (329)

contracted with the 20 vector indices of (B). If both indices of B, are contracted
with mq ---mqs5, then Qp is invariant under the transformation (3.15) for that B since
Ay (MY, )a = 0. However, if at least one index of B, is contracted with
mig ... Moo, then Q7 is not invariant under the transformation (3.15) for that B. Us-
ing the definition of Ry1-9% ' one finds there are four B’s whose indices are contracted
with myg ... maog, so Q is invariant under the transformation (3.15) for 6 of the 10 B’s.
But since the gauge parameter must be invariant under (3.15) for 9 of the 10 B’s, there
is no way to generate §2; as a possible gauge parameter. We thus conclude that if it is Q

exact and invariant under the B transformation,

oo (97 a/, k:))\al e ACVllBl te Blo (330)

o1 mini miom10

does not contain any scalars constructed from eleven \’s, five #’s and ten B’s. Since the
integration projects on the (single) scalar the total zero mode integral vanishes. The precise
argument is analogous to the steps in section 3.1.1.

3.2.2 Higher-loop amplitudes

The argument for g > 1 is exactly analogous. After integrating out all non-zero modes, as

well as the zero modes of d,, every g > 1 loop amplitude can be written as

/ d'00[dN][dCIAN N2\ 3951 ... 9Pl - OB 5(CMN) - - 5(CHN)

g
11 ([dBf] ANTINE b Bl B G(BYN) - 5(BlOIN)5(JI)>
I=1
Frimemionds g, g, k) (3.31)

alajazagag

? Another possible candidate, (T'(X)*(6)°) (R(B)'%())®), vanishes identically because of (3.13).

,10,



where all fields are zero modes and the integrand is invariant under the B transforma-
tion (3.15). Now the factors A originate from the (7g 4 3) factors of Zp and the g factors
of Zj. Additional factors of N, B and derivatives of §(BN) can be removed as in the
one-loop case.

In this case the analogue of (3.26) is

/ [AA][ACIAM A2 N3 C -+ CfL §(CHN) - 6(CMN),

g
11 ([dBf][de]Aaﬁ coxehpl B (BUN) --5(BlOIN)5(JI)>

LUSTUST)
I=1

_ g 041042043041"'Oég
= (TE) 5, pyymind-mignt, (3.32)
where (eT'RY) is the generalization of (2.20) involving g factors of R.
There are g candidate BRST exact states that may not decouple, which are the analogs
of (3.28) and are given by

J—1
Q= (0P T (RGN REYNT@) T EE)OW) 659
I=1 I=J+1

where BT denotes the B’s associated with the I'" zero mode. As in the one-loop case, the
term (R(B”)(A)7(6)!) is at most invariant under 6 of the 10 B” transformations. But
invariance under (3.15) requires invariance under 7 of the 10 B” transformations.

So we conclude that unphysical states decouple to all orders in g.

4 Conclusion

We presented in this paper a proof of decoupling of unphysical states in the minimal pure
spinor formalism to all loop order. We were able to prove this despite the fact that not all
insertions in the path integral are @ closed. More specifically our argument did not involve
integrating @ by parts. The two main ingredients were the presence of the B symmetry
and the fact that the zero mode integrals act as projectors on a scalar.

As is discussed in [8], the amplitudes in the prescription of [2] without an integral over
C are actually singular and the distributional relations do not hold inside correlators. The
singularities in the amplitudes are likely to reflect the fact that the gauge choice for the
gauge invariances due to zero modes implicit in the prescription of [2] is singular. Obtain-
ing a prescription corresponding to a non-singular gauge choice may require incorporating
global issues, in particular taking into account all patches in the pure spinor space?, see
section 6 of [8] for further discussion, and such a prescription is currently under investiga-
tion. We anticipate that such a prescription will also lead to decoupling of BRST exact
states, without integrating over C' and B.

3We thank Nikita Nekrasov for this suggestion.
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A Chain of operators for b ghost

bpo = %G’y’”"dan—%Haﬁ(vpvm")aﬁHmen (A1)
5K ™) 5, (3p08)aBun + 5% (7™ ) 33 (170X B,

b = {H(Bd)a(Bd)s (A.2)
KO Py ™) g (Bd)aTTy B + 1K (77 )i (B Ty B
LT (675 (Ba)ia(106)51 — (P4 )ty (B (1500)a) B
—((F Y D as(YPY™ )15 + (VY Das (Y™™ 5y )l Binn Is By ],

bz = —g KO (BdaBd)a(Bd), — 5L (77™)s(Bd)s(Bd)a (A3
FOPY™) g1 (Bd) (B + 5 (177 ) o5 (Bl (Bd) )Ty B,

by = —%Laﬁ“";(Bd)a(Bd)ﬁ(Bd),y(Bd)(;, (A4)

where (Bd)y = By (7Y™d)s. The explicit form of the tensors G, H*%, K7 12510 can

be found, for example, in section 3 of [9]. They do not contain any B tensors.
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